The hypothesis of two different components in the high-energy neutrino flux observed with Ice-Cube has been proposed to solve the tension among different data-sets and to account for an excess of neutrino events at 100 TeV. In addition to a standard astrophysical power-law component, the second component might be explained by a different class of astrophysical sources, or more intriguingly, might originate from decaying or annihilating dark matter. These two scenarios can be distinguished thanks to the different expected angular distributions of neutrino events. Neutrino signals from dark matter are indeed expected to have some correlation with the extended Galactic dark matter halo. In this paper, we perform angular power spectrum analyses of simulated neutrino sky maps to investigate the two-component hypothesis with a contribution from dark matter. We provide current constraints and expected sensitivity to dark matter parameters for future neutrino telescopes such as IceCube-Gen2 and KM3NeT. The latter is found to be more sensitive than Ice-Cube to look for a dark matter signal at low energies towards the Galactic center. Finally, we show that after 10 years of data-taking, IceCube-Gen2 will firmly probe the current best-fit scenario for decaying dark matter by exploiting the angular information only.
have been proposed so far: hidden astrophysical sources where gamma-rays are highly absorbed due to the source's opacity [45] [46] [47] [48] [49] [50] , invisible decay of active neutrinos [51] , or decaying dark matter (DM) particles [36, 43, 44, 52, 53] .
A detectable flux of high-energy neutrinos might indeed orginate from the decay of heavy DM particles [36, [42] [43] [44] . On the other hand, a neutrino signal from annihilating DM particles is in general suppressed by the unitarity limit, except in case of very cold DM substructures [55, 80, 83, 84] . Current neutrino and gamma-ray data place constraints on both decaying and annihilating DM scenarios [85] [86] [87] [88] [89] . Multi-messenger analyses based on the observations of neutrinos and gamma-rays are indeed of paramount importance when examining potential heavy DM signals [90] [91] [92] [93] . In particular, the Fermi-LAT measurements strongly constrain DM decays into hadronic final states due to large production of gamma-rays as primary and secondary particles. On the other hand, present data do not exclude the presence of a second component in the neutrino flux coming from leptophilic decaying DM particles, especially when the astrophysical power-law component is assumed to follow the prior deduced by through-going muon neutrinos [53] .
While the expected neutrino energy spectrum from astrophysical sources and DM particles might be similar, they exhibit very different angular distributions for the arrival directions of neutrino events. In particular, astrophysical sources are expected to be uniformly distributed in the full sky, while DM neutrino signal has some level of correlation with the galactic center where a high density of DM particles is typically expected. Such a difference in the angular distribution is therefore a key feature that would allow one to firmly discriminate between astrophysical and DM neutrino fluxes. Different analyses have pointed out that a galactic contribution consistent with gamma-rays can only account for less than 10% of the observed neutrino flux [94] [95] [96] (see also Ref. [36] ). These studies assume the galactic contribution to correlate with the galactic bulge and disc, as expected for astrophysical galactic sources. On the other hand, angular studies based on a more extended template for the galactic contribution have instead show a preference for a galactic component in the neutrino flux [36, 63, 97, 98] . In this context, a DM signal would indeed contribute to the neutrino data as a quite extended galactic diffuse emission identified with the DM halo, as well as an extragalactic isotropic emission. These two galactic and extragalatic DM contributions can be of the same order of magnitude depending on the DM model considered.
In this paper, we investigate the two-component hypothesis (astrophysical power-law plus a DM signal) by analyzing only the angular distribution of the simulated neutrino sky maps by using the angular power spectrum. We test our two-component hypothesis with Monte Carlo method for a wide range of values for the lifetime and cross-section of the Dark Matter models. We assume the astrophysical component to be fixed by the 10-year through-going muon neutrinos data [5] , while we consider different models for the DM halo profile and boost factor, which provide different angular distribution for the DM component. Under the assumption of an isotropic neutrino flux, we place a constraint on the level of anisotropy induced by a DM component, which is then translated on a bound for DM lifetime and cross-section in case of decaying and annihilating DM particles, respectively. The two-component model is therefore tested for various DM parameters with 6-year of HESE observations, as well as for future neutrino data with IceCube-Gen2 [99] and KM3NeT [100] exposures. While the former will collect many more neutrino events thanks to the larger volume, the latter is expected to be more sensitive to the galactic center and, consequently, to a potential DM component. Our current and future constraints are weaker than the ones reported in other analyses, but they are more robust since they rely only on the angular distribution of neutrinos. However, we show that, after 10 years of observation, IceCube-Gen2 will firmly probe the current best-fit for the DM contribution of the two-component flux reported in Ref. [53] , thanks to the expected clustering of events towards the galactic center.
The paper is organized as follows. In Sec. II, we delineate the main features of a neutrino flux originated by astrophysical sources and by decaying and annihilating DM particles. Section III describes how the neutrino sky map is computed for the null hypothesis (atmospheric background plus an astrophysical power-law component) and for the signal hypothesis (atmospheric background, an astrophysical power-law and DM components) that we want to test. In Sec. IV, we discuss the angular power spectrum analysis based on Monte Carlo simulations of the neutrino sky map. In Sec. V, we report the current constraints and future sensitivity for DM lifetime and cross-section, while in Sec. VI, we discuss the dependence of the results on different astrophysical and DM models. Finally, in Sec. VII, we draw our conclusions.
II. NEUTRINO FLUX
The neutrino flux observed with IceCube is typically explained in terms of the atmospheric neutrino background and an astrophysical power-law component. The former describes the neutrinos produced in the atmosphere through the interactions of cosmic rays, while the latter comes from a population of diffuse unresolved astrophysical sources. We consider only conventional atmospheric neutrinos, which are produced by decays of pions and kaons. Even though they are subdominant for E ν > 60 TeV (lower energy threshold considered in this analysis), we include these in our sky maps by adopting the flux model from Ref. [101, 102] . Furthermore, there might be a contribution coming respectively. In this case, the neutrino flux is instead proportional to the DM thermally averaged cross-section σv . Moreover, the redshift integral contains the boost factor (or clumpiness factor) B (z), which describes the amount of DM substructures in the intergalactic medium (see Ref. [106] for a recent review). Here, we do not consider the effect of the presence of DM subhalos in our galaxy (see for example Ref. [83] ).
In the following, we consider two different final particle states of DM decay/annihilation providing very different neutrino energy spectra: the leptonic channel into τ leptons and the handronic one into top quarks as representative of hard and soft neutrino spectra, respectively. Most importantly, the DM signal depends on the halo density profile and the boost factor, which weigh the Galactic and the extragalactic (isotropic) components, respectively. Different choices of these quantities provide very different levels of anisotropy. We analyze two DM halo density profiles that provide very different angular correlation with the Galactic center: the Navarro-Frenk-White distribution (NFW) [107] and the Isothermal profile (ISO) [108] . The former leads to large neutrino fluxes towards the Galactic center, while the latter is essentially uniform. The two profiles are respectively given by [104] ρ NFW (r) = ρ s r/r s (1 + r/r s ) 2 ,
with r s = 24 kpc and ρ s = 0.18 GeV cm −3 , and
with r s = 4.4 kpc and ρ s = 1.9 GeV cm −3 . The two halo density profiles as a function of the distance from the Galactic Center are reported in the left panel of Fig. 1 . In the case of DM annihilation, in order to accommodate uncertainties on the DM substructures, we examine three different models for the cosmological boost factor B(z):
the semi-analytical model described in Ref. [109] (hereafter dubbed as HAI), and the "Macciò" [110] and "powerlaw" [110, 111] models that are obtained by extrapolating the results for the concentration parameter from ab-initio N-body simulations, by taking a minimum halo mass of 10 −6 M [104] . The right panel of Fig. 1 shows the boost factor as a function of the redshift z for the three models. It is worth noticing that the HAI model is valid until redshift z 7 and we simply take B HAI (z) = 1 for z > ∼ 7. It is worth observing that regions at higher redshift provide in general a subdominant contribution to the total DM component.
III. SKY MAP
We simulate the neutrino sky map under two different assumptions:
• Null hypothesis: in addition to the conventional atmospheric background (atm), we consider an isotropic astrophysical component only
where we use the HESE best-fit for the astrophysical component.
• Signal hypothesis: we include a DM component so having
In this case, the astrophysical power-law is fixed by the TG data sample. Hence, the neutrino flux originated by DM is the additional component required to alleviate the tension between HESE and TG data sets. Then, we test various parameters for decaying and annihilating DM signals.
For each flux component, the expected number of observed neutrino events in a region of the sky ∆Ω identified by the position θ (declination) and φ (right ascension) is derived as follows
where E α (E ν , Ω) is the detector's exposure for neutrino flavor α and vis(Ω) is the visibility function quantifying the fraction of the year during which a point in the sky can be observed by the telescope. The latter is a non-trivial function that depends on the Earth rotation and the veto technique of the telescope to suppress the atmospheric background. In the case of IceCube, we consider the HESE effective area and vis IC (Ω) = 1 thanks to the muon self-veto [112, 113] . The same is assumed for IceCube-Gen2 for which we take its effective area to simply be ten times larger than the HESE one. For KM3NeT, we use the exposure and the visibility function reported in Ref. [100] . In Eq. (12), the factor f α takes into account the fraction of neutrinos producing an event with shower or track topology, so that f shower
For the sake of simplicity, we assume that electron and tau neutrinos produce only shower events, and therefore f shower τ f shower e 1. On the other hand, only a fraction f track ν = 0.8 of muon neutrinos provides track-like events, according to the probability of having charged current interaction, i.e. σ CC /(σ N C +σ CC ) 0.8 [114] . In order to reduce the background contamination in IceCube, we consider only shower-like events. This implies that f IC τ = f IC e = 1 and f IC µ = 0.2. In the case of KM3NeT, we instead examine only through-going track events for which f KM3NeT τ = f KM3NeT e = 0 and f KM3NeT µ = 0.8. Furthermore, for both telescopes, we set a lower energy threshold of E th = 60 TeV in order to further suppress the background events, and an upper limit corresponding to the DM mass with E max = m DM /2 for decaying DM and E max = m DM for annihilating DM scenarios. Such an upper energy threshold corresponds to the maximum energy available for neutrinos produced by DM particles.
The simulated sky maps are therefore given by the sum of the following contributions:
where the DM events are further obtained by summing the Galactic and extragalactic contributions
In the present analysis, we assume that the level of anisotropy in the neutrino flux is set only by the Galactic DM component, while the other contributions are considered to be statistically isotropic. This is not true for the atmospheric flux measured by IceCube since the muon veto of the experiment highly suppresses the down-going atmospheric neutrinos. However, in our settings, above a neutrino energy of 60 TeV, we expect less than 1 atmospheric neutrino event per year with a shower-like topology. This explains why we consider only shower events when analyzing IceCube. On the other hand, KM3NeT does not have a veto and the small contamination of the atmospheric background is approximated to be nearly isotropic. Hence, the ratio between anisotropic and isotropic number of neutrino events depends on DM parameters like for instance the density profile, boost factor and DM lifetime or cross-section. We thus aim to constrain DM parameters by testing our two-component model (signal hypothesis) with respect to an isotropic astrophysical model (null hypothesis). Figure 2 illustrates the differences in angular patterns for the null hypothesis (left) and for two signal hypotheses with decaying (middle) and annihilating (right) DM component. These sky maps corresponds to one Monte Carlo realization with 10 years of IceCube-Gen2 exposure. The number of galactic neutrino events coming from annihilating DM is related to the halo density as N gal. DM ∝ ρ 2 , while N gal. DM ∝ ρ for decaying DM. This produces different amount of anisotropy as can be seen in the figure. In both cases, we have considered the NFW halo density and the semi-analytical HAI model for the boost factor. We will be examining these angular patterns with an angular power spectrum analysis, as described below. 
IV. ANGULAR POWER SPECTRUM ANALYSIS
The angular power spectrum (APS) shows to be a powerful probe to asses anisotropies on the neutrino sky [25] . The fluctuations on the neutrino sky map is found by expanding the map into spherical harmonics:
where N (θ, φ) is the neutrino event at declination (θ) and right ascension (φ), and Y m (θ, φ) are the spherical harmonic functions. The APS is then given by averaging the expansion coefficients over the sky:
We compute the APS using the numerical function anafast from the software package HEALPix [115] . Since we are only interested in anisotropic effects, we want to remove any information on the number of events. We therefore remove the monopole and normalize the remaining coefficients as
where N tot is the total number of neutrino events. The first multipole moments show larger angular power due to the anisotropy of events coming from the Galactic center, which is detectable on top of the isotropic distribution. We calculate the APS up to = 9 for IceCube, IceCube-Gen2 and KM3NeT maps, which corresponds to the typical angular resolution of IceCube for HESE events, 11 • [1, 2] . Even though KM3NeT has a better angular resolution of 0.07 • , including larger multipole moments will not improve our analysis since only the first multipole moments are of interest for our work. We perform Monte Carlo simulations for decaying and annihilating dark matter models and range the lifetime between τ DM = [10 26 , 10 31 ] s in the case of decaying dark matter and the cross-section between σv = [10 −26 , 10 −20 ] cm 3 s −1 for annihilating dark matter, both in steps of log(0.2). Additionally, we simulate purely isotropic astrophysical sky maps for the null hypothesis. Each case is simulated 10 5 times for IceCube, IceCube-Gen2 and KM3NeT exposures and we calculate their APS. In order to have a statistical measure for the goodness of the models, we apply the following χ 2 ,
where C is the APS of one simulation, C mean is the mean value and Cov is the covariance matrix, where C mean and Cov are obtained from a complete set of simulation. For each characterization of the model, we calculate the probability density function (PDF) of χ 2 , P (χ 2 |Θ) with Θ the parameters of the DM component. We then compute χ 2 data ≡ χ 2 (C data ) from the observed neutrino sky to obtain the probability of having the same or more extreme values of χ 2 by the following p-value, p = min ∞ χ 2 data dχ 2 P (χ 2 |Θ), Models are constrained at 95% confidence level (CL), which is equivalent to p = 0.05. For the forecast we use the isotropic best-fit model from Ref. [4] (null hypothesis) as data for χ 2 data ≡ χ 2 (C data ).
V. RESULTS
We analyze the APS of the simulated sky maps obtained under the null hypothesis and the signal hypothesis for decaying and annihilating DM particles. In this section, we assume the NFW profile and the HAI boost factor as benchmark scenario. In Fig. 3 TeV corresponds to the maximum energy of neutrinos produced by DM particles. The horizontal black dashed line represents the exclusion limit of p = 0.05 below which the two-component hypothesis is rejected. As can been seen in the plots, the APS analysis constrains the total number of neutrino events related to the DM signal: a larger DM contribution would produces a higher anisotropy towards the Galactic center in contrast with the null hypothesis. In all the cases, the lower p-value band typically shows a peak at a certain value N * DM . Below N * DM , the lower p-value decreases and all the bands reach the same behaviour in the limit of a very small DM contribution. In this case, the Monte Carlo bands are dominated by the Poisson noise of the astrophysical component. To avoid the region dominated by fluctuations, we therefore consider the upper 95% bound of Monte Carlo simulations to provide constraints and future sensitivity on the total DM events at 95% CL (p-value smaller than 0.05).
It is worth observing that the constraints on the annihilating scenario are stronger than the ones for decaying one. This is indeed expected due to the more concentrated contribution from the Galactic halo in case of annihilating DM particles (see Fig. 2 ). However, as discussed in Sec. VI, the constraints on the total DM events depend on the models for the halo profile and the boost factor, since they set the relative contribution between Galactic and extragalactic DM fluxes. On the other hand, the limits presented here are slightly dependent on the DM mass and almost independent of the annihilating/decaying channel. Indeed, the whole analysis is not very sensitive to the energy spectrum of neutrinos since the sky map is integrated over neutrino energy.
The upper bounds on the total DM neutrino events are translated into constraints on the DM lifetime (left panel) and cross-section (right panel) in Fig. 4 . In this figure, we compare the sensitivity to DM parameters of IceCube (orange), [53] . The gamma-ray constraints are represented by light grey lines: solid from HAWC galactic halo searches [86] and dot-dashed from Ref. [90] .
KM3NeT (green) and IceCube-Gen2 (blue) after 10 years of observations. Remarkably, KM3NeT is found to be more sensitive to the DM models considered, so providing stronger constraints with respect to IceCube. This is indeed expected thanks to the KM3NeT geographical position that is more suitable to observe the Galactic center. On the other hand, the IceCube-Gen2 sensitivity to DM parameters is almost an order of magnitude stronger since its effective area is assumed to be ten times larger than that for the current IceCube HESE events. However, this is not enough to reach the unitarity limit (vertical solid line in Fig. 4 ) on the DM cross-section implying σv < ∼ 4 × 10 −24 cm 3 /s for m DM = 200 TeV [116] . Finally, in the figure, we also report the current constrains from the 6-year IceCube HESE data with the solid black lines. In particular, we have τ > 1.9 × 10 27 s and σv < 1.17 × 10 −22 cm 3 /s corresponding to p-values smaller than 0.05.
The main results of the present analysis are reported in Figs. 5 and 6, where we show the future sensitivity of neutrino telescopes to decaying and annihilating DM models, respectively. We consider the channels into tau leptons (τ + τ − ) and top quarks (tt) as representative of different energy neutrino spectrum of the DM signals. The current constraints deduced from 6-year IceCube data are shown by the solid black lines. Other bounds shown are: gamma-ray searches from the galactic halo by HAWC [86] (grey solid lines), global gamma-rays constraints from Ref. [90] (grey dashed lines), and the unitarity constraints on cross-section [116] (black dashed lines).
In the plots, the bands have been obtained by performing the APS analysis on simulated sky maps with different DM mass. They represent the sensitivity for an observed p-value of 0.05 from the median and upper 95% values on the total DM events from the Monte Carlo simulations. KM3NeT turns out to be more sensitive to DM models with a low DM mass, as also shown in Fig. 4 . However, for DM masses larger than PeV, the sensitivity of KM3NeT is weaker than the one of IceCube. This is due to two effects. At high energies, there is an enhancement in the expected number of shower events in IceCube thanks to the Glashow resonance of anti-electron neutrinos. This is not the case for KM3NeT, as it is based only on track-like events related to CC interactions of muon neutrinos. Moreover, KM3NeT will observe the Galactic center through the Earth. While at low energies this is important to reduce the atmospheric (muon) background, at high energies the neutrino flux is reduced due to Earth absorption. On the other hand, the Galactic center is observed by IceCube through down-going neutrinos that do not pass through the Earth.
IceCube-Gen2 will probe a much bigger parameter space of DM models. Remarkably, it will be sensitive to the present 7.5-year HESE best-fit of the additional decaying DM component [53] , shown with black stars in Fig. 5 . We emphasize that this result relies only on the angular information contained in the neutrino sky maps. This makes the APS analysis very robust against any potential degeneracies in the neutrino energy spectrum expected from astrophysical sources and DM particles. It is worth observing that for leptophilic channels the current best-fit of the DM component is not yet excluded by gamma-ray constraints.
VI. DISCUSSION
The results in the previous section have been obtained for benchmark models. However, other DM models can lead to different angular patterns and therefore lead to different exclusion limits. We thus discuss in detail how the sensitivity depends on DM properties like the channel, the DM mass, the Galactic halo profile, and the boost factor using 10 years of IceCube-Gen2 exposure.
For the case of decaying DM scenario, as shown in Fig. 3 , we have previously assumed m DM = 400 TeV, DM → τ − τ + , and the NFW profile for the galactic halo. Figure 7 shows the 95% contour p-value bands, where we compare in each panel the results for the benchmark parameters together with a parameter that we want to test. The left panel shows two different DM masses with m DM = 400 TeV and m DM = 4 PeV, the middle panel the two channels of DM → τ − τ + and DM → tt, and the right panel the isothermal density profile together with the NFW profile. We find that the exclusion limits on the total DM events do not significantly change in all the other cases. However, when plotted against the lifetime, the constraints change. For instance, the τ -channel produces more events than the t-channel, and has therefore stronger constraints on the lifetime as shown in Fig. 5 . This allows one to set almost model-independent limits on the total DM events and then translate them into constraints on DM lifetime for different DM models. Concerning the DM halo (right panel), the agreement between NFW and Isothermal profiles is a result of similar ratio between Galactic and extra-galactic DM events, whithin the angular resolution considered in this analysis.
We perform the same tests for annihilating DM scenario for which we previously assumed the following benchmark model: m DM = 200 TeV, DM DM → τ − τ + , NFW halo profile, and the HAI boost factor [109] . Figure 8 shows the 95% contour bands of the p-value results, where we vary the DM parameters. As before, the sensitivity on the total DM events does not significantly depends on the channel, while considering larger DM masses reduces the limits by roughly 18% (see for example the left panel). On the other hand, considering an isothermal density profile instead of the NFW one makes the constraints 70% weaker, as shown in the middle panel. This is due to the NFW density profile being denser in the inner center than the isothermal profile (see Fig. 1 ), and to the fact that in the case of annihilation the number of neutrino events scales stronger with the density than for decaying DM. Finally, the right panel shows the impact on the constraints for three different boost factors, namely the HAI, power-law and Macciò models (see Fig. 1 ). The boost factor is very important in setting constraints from angular information, since the ratio between Galactic and extragalactic DM events strongly depends on it. In particular, the constrains with the power-law boost factor are stronger by a factor of 2.4 (140%), while the ones for the Macciò model are weaker by a factor of 0.8 (20%). It is worth observing that this difference has a direct impact on the sensitivity reported in Fig. 6 , which can be simply rescaled for different DM models.
Finally, in Fig. 9 we discuss the impact of the statistical uncertainty affecting the best-fit for the astrophysical power-law from the TG data sample. In particular, we test if our results are robust for the 1σ statistical uncertainty on the normalization and spectral index of the observed spectrum and show here the p-value result for the benchmark model for decaying DM particles. The best-fit is shown as the grey shaded area delimited by dashed lines, and in blue and orange are the 1σ upper and lower limit. As can be clearly seen, in all the cases the corresponding bounds on the total DM events are the same. 
VII. CONCLUSIONS
In this paper, we have investigated the two-component interpretation of the high-energy neutrino flux observed by IceCube. The possibility of two different components contributing to the observed neutrino flux in addition to the atmospheric background has been proposed to solve the slight tension between IceCube HESE and TG data. In particular, we have focused on the scenario where one of the two neutrino components is originated by decaying or annihilating dark matter. In order to constrain the total number of neutrino potentially related to dark matter, we have studied the angular power spectrum of neutrino sky maps for different scenarios: the null hypothesis of atmospheric neutrino background and an astrophysical power-law component, and the signal hypothesis that includes a dark matter component. While the former is nearly isotropic above 60 TeV, the latter is expected to correlate with the galactic halo of the Milky Way. By means of Monte Carlo simulations and a χ 2 analysis, we have provided the current constraints on dark matter properties (lifetime and cross-section as a function of DM mass) deduced from 6-year IceCube HESE shower data. Moreover, we have reported the future sensitivity to a dark matter signal after 10 years of observations with IceCube and with next-generation neutrino telescopes as KM3NeT and IceCube-Gen2. KM3NeT has been found to be more sensitive to a dark matter component for low dark matter masses, thanks to the better sensitivity to the galactic center at energies below the threshold of Earth absorption. Finally, this analysis has shown that IceCube-Gen2 will be able to firmly probe the current 7.5-year HESE best-fit of the dark matter component by exploiting angular information only. This result is of paramount importance since it highlights a feasible and solid way to distinguish a dark matter signal to neutrino fluxes produced by potentially hidden astrophysical sources.
